We show that factorization holds for the deeply virtual Compton scattering amplitude in QCD, up to power suppressed terms, to all orders in perturbation theory. Furthermore, we show that the virtuality of the produced photon does not influence the general theorem.
I. INTRODUCTION
In this paper, we prove factorization for the deeply virtual Compton scattering (DVCS) amplitude in QCD up to power suppressed terms, to all orders in perturbation theory. This proof is important because of the recent great interest in DVCS [1] [2] [3] [4] [5] [6] [7] [8] [9] . One important use of DVCS is as a probe of off-forward (or nondiagonal) distributions [1, 2, [10] [11] [12] . These differ from the usual parton distributions probed in inclusive reactions by having a non-zero momentum transfer between the proton in the initial and final state.
A related process which is also used to probe off-diagonal parton densities is exclusive meson production in deep-inelastic scattering [13, 14] , for which a proof of factorization was given in [11] . Compared with this process, DVCS is simpler because the composite meson in the final state is replaced by an elementary particle, the photon, and thus there is no meson wave function in the factorization formula.
Ji [1] and Radyushkin [2] have provided the key insights that indicate that a factorization theorem is valid for DVCS. However, we believe that the present paper is the first to provide a complete proof. The proof follows the general lines of proofs of factorization for other processes [15, 16] , and the most noteworthy feature is that the proof is simpler than for any other process. Even for ordinary deep-inelastic scattering one needs to discuss the cancellation of soft gluon exchanges and of final-state interactions, whereas these complications are not present in the leading power for DVCS.
The paper is organized in the following way, first we will state the theorem to be proved. Then we explain the steps necessary to prove it. In the last section we will make concluding remarks.
II. FACTORIZATION THEOREM
The process under consideration is DVCS which is the elastic scattering of virtual photons:
where the diffracted proton P ′ may also be replaced by a low-mass excited state and the finalstate photon can be either real or time-like. This process is the hadronic part of ep → eγp ′ for a real photon or of ep → eµ + µ − p ′ for a time-like photon. It is convenient to use light-cone coordinates with respect to the collision axis 1 . The momenta in the process then take the form:
Here, x is the Bjorken scaling variable, Q 2 is the virtuality of the initial photon, m 2 is the proton mass, t = ∆ 2 is the momentum transfer squared, and α is a parameter that specifies the virtuality of the outgoing photon: q ′ 2 = αQ 2 . Thus, α = 0 for a real photon and α > 0 for a time-like photon. Finally, ≃ means "equality up to power suppressed terms".
The theorem to be proved is that the amplitude for the process (1) is:
where the f i/p is a nondiagonal parton distribution and H i is the hard-scattering coefficient for scattering off a parton of type i. We let x 1 be the momentum fraction of parton i coming from the proton and x 2 is the momentum fraction which is returned to the proton by the 1 We define a vector in light cone coordinates by:
other parton line joining the parton distribution and the hard scattering. There is implicit polarization dependence in the amplitude. µ is the usual renormalization/factorization scale which should be of order Q to allow calculations of the hard scattering coefficients within finite-order perturbation theory. The µ dependence of f i/p is given by equations of the DGLAP and Brodsky-Lepage kind [1, 2, 10, 13, 11, 12] . The parton distributions in Eq. (3), together with their evolution equations, are defined using the conventions of [11, 12] . They may easily be transformed into those given in [1, 2] by a change of normalization and of kinematic variables.
III. PROOF OF THEOREM
The proof of our theorem Eq. (3) can be summarized as follows 2 :
• Establish the non-ultra-violet regions in the space of loop momenta contributing to the amplitude.
• Establish and prove a power counting formula for these regions.
• Determine the leading regions of the amplitude.
• Define the necessary subtractions in the amplitude to avoid double counting.
• Taylor expand the amplitude to obtain a factorized form.
• Show that the part containing the long-distance information can be expressed through matrix elements of renormalized, bi-local, gauge invariant operators of twist-2.
A. Regions
First let us establish the regions in the space of loop momenta contributing to the asymptotics of the amplitude, i.e., the generalized reduced graphs. The steps leading to the generalized reduced graphs are identical to the steps 1-3 in Sec. IV of Ref. [11] , i.e., scale all momenta by a factor Q/m, use the Coleman-Norton theorem to locate all pinch-singular surfaces in the space of loop momenta (in the zero-mass limit), and finally identify the relevant regions of integration as neighborhoods of these pinch-singular surfaces.
The results are the two kinds of reduced graph shown in Fig. 1 . There, A and B denote collinear graphs with one large momentum component in the + and − direction respectively, H denotes the hard scattering graph, and S denotes a graph with all of its lines soft, i.e., in the center-of-mass frame all the components of the momenta in S are much smaller than Q. Note that, of the external momenta, p and p ′ belong to A, q ′ belongs to B or H , and q belongs to H.
When the two external photons have comparably large virtualities, the only reduced graphs are of the first kind, Fig. 1a , where the out-going photon couples directly to the hard scattering. But when the out-going photon has much lower virtuality than the incoming photon, for example, when it is real, we can also have the second kind of reduced graph, Fig. 1b , where the out-going photon couples to a B subgraph. As we will see later, power counting will show that the second kind of reduced graph, Fig. 1b , is power suppressed compared to the first kind, with a direct photon coupling. This implies that we will avoid all the complications which were encountered in [11] that are associated with the meson wave function.
B. Power Counting
Each reduced graph codes a region of loop-momentum space, a neighborhood of the surface π of a pinch singularity in the zero-mass limit. The contribution to the amplitude from a neighborhood of π behaves like Q p(π) , modulo logarithms, in the large-Q limit, with the power given by
where n(H) is the number of collinear quarks, transversely polarized gluons, and external photons attaching to the hard subgraph H. Such results were obtained by Libby and Sterman [17, 18] . The particular form of Eq. (4) was given in [11] together with a proof that applies without change to DVCS. The well-known problem of gluons with scalar polarization (see, for example, [15, 19] ) will be dealt with later on. Suffice it to say here that gluons with such a polarization can be factorized into the parton distributions by using gauge-invariance arguments. 
C. Leading Regions
The leading regions for the amplitude are those with the largest exponent p(π) in Eq. (4). It is easy to see that these correspond to the reduced graphs in Fig. 2 , independently of whether the out-going photon is real or far off-shell. The corresponding power is Q 0 . These reduced graphs have direct photon couplings to the hard subgraph, they have exactly two parton lines connecting the collinear subgraph A to the hard subgraph H, and they have no soft lines connecting to H. The two kinds of graph differ only by the absence or presence of a soft subgraph that connects to A alone.
Among the other reduced graphs, which are non-leading for our process, are those of the type in Fig. 1b , which are leading in the case of diffractive meson production, where the leading region gives Q −1 . In the case of a photon that is off-shell by order Q 2 , the amplitude for production of the photon behaves like Q 0 , the same as for a real photon. However, the physically observed process includes the decay of the time-like photon (to a µ + µ − , for example), which results in a power suppression of the observed cross section by 1/Q 2 compared with the cross section for making real photons.
D. Proof of absence of a soft part in leading regions
As mentioned in Sec. III C, there might, in principle, be a soft part S in the leading reduced graph connected solely to the A graph by gluons, as shown in Fig. 2b . Note that by Eq. (4), quarks connecting S to A would lead to a power suppression. We will now show that this soft part S is indeed absent, and so we only need to consider regions of the form of Fig. 2a .
We will first examine a simple one loop example, Fig. 3 . The external quark is part of the A subgraph in Fig. 2b , and the gluon is soft. So we parameterize the momenta by: 
As before, ≃ stands for "equality up to power suppressed terms". As one can see, there is no k + -pole in the second part of the denominator and we can freely deform the contour in k + to avoid the pole in the soft gluon propagator. This takes us out of the soft region for k.
In the general situation, Fig. 2b , we can use a version of the arguments in Ref. [11, 20] to show that the soft momenta k + i can be rerouted in such a way as to exhibit a lack of a pinch singularity. The essential idea is that one can find a path backwards or forward from one external line of S to another external line of S. The loop is completed along lines of A, all of which have much larger + momenta than what is typical of soft momenta, and hence there is no pinch.
E. Subtractions
The subtractions necessary to avoid double counting in the amplitude are exactly similar to the ones in Sec. VI of Ref. [11] , since the distributional arguments to construct the subtraction terms on a pinch-singular surface π presented there are very general in nature and are not limited to the case of diffractive vector meson production that was considered in [11] .
The above statement leads to the following asymptotic form of the amplitude
where Γ stands for a possible graph for the amplitude T .
F. Taylor expansion
We now obtain the leading term in the hard subgraph, when it is expanded in powers of the small momenta. The arguments used are exactly analogous to the ones used in Sec. VII of Ref. [11] except that we do not have to deal with a B subgraph as was the case in [11] . So we have:
where k A is the loop momentum joining the A and H subgraphs, and again ≃ means equality up to power-suppressed corrections. Eq. (8) has already a factorized form. However we still have to deal with the extra scalar gluons that may be exchanged between the subgraphs A and H; this will be done in the next subsection. Eq. (8) can be written in the following way:
where the C i are the short distance coefficient functions and the O i are the matrix elements of renormalized light-cone operators.
G. Gauge Invariance
In order to identify the O i with the parton distributions as defined in [11] (for example), it is necessary to show that all gluons with scalar polarization attaching to the hard graph can be combined into a path-ordered exponential. Fig. 4 shows the example of one scalar gluon. We can follow the arguments of Sec. VII. D of Ref. [11] step by step since those rely on very general results obtained by Collins [21] . In this way we obtain exactly the same parton distributions as in [11] , namely:
Here, P represents a path-ordered exponential of the gluon field that makes the operators gauge invariant. The variable x 2 is the same as in Eq. (3). The evolution equations are the same as in [2] and [11] .
H. Completion of Proof
Using the definitions of the parton distributions and the hard scattering coefficients we finally obtain Eq. (3). Note that the theorem is valid for the production of a real photon which directly goes into the final state and for the production of a time-like photons that decays into a lepton pair.
IV. CONCLUSION
We have proved the factorization theorem for deeply virtual Compton scattering up to power suppressed terms to all orders in perturbation theory. The form of the theorem is independent of the virtuality of the produced photon.
After this work was complete, we learned from X.-D. Ji that he and Osborne have also constructed a proof of factorization for DVCS [22] . 
